We introduce a new modified Halpern-type iteration for a family of Bregman relatively nonexpansive mappings and establish strong convergence theorems in reflexive Banach spaces. The results extend the corresponding results obtained by many authors.
Introduction
Let E be a real reflexive Banach space, C a nonempty subset of E and T : C → C a nonlinear mapping. The fixed points set of T is denoted by F (T ).
One classical way often used to approximate a fixed point of nonexpansive mappings was introduced by Halpern [6] which is defined by x 0 ∈ C and x n+1 = α n u + (1 − α n )T x n , ∀n ≥ 0, (1.1) where {α n } ⊂ [0, 1] and u ∈ C. Recently, Martinez-Yanes and Xu [9] introduced a modification of iteration (1.1) for a nonexpansive mapping T in a Hilbert space H as follows: x 0 ∈ C and ⎧ ⎪ ⎪ ⎨ ⎪ ⎪ ⎩ y n = α n x 0 + (1 − α n )T x n , C n = {z ∈ C : y n − z 2 ≤ x n − z 2 + α n ( x 0 2 + 2 x n − x 0 , z )}, Q n = {z ∈ C : x n − z, x n − x 0 ≤ 0}, x n+1 = P Cn∩Qn (x 0 ), ∀n ≥ 0, (1.2) where {α n } ⊂ [0, 1] and P K is the metric projection from H onto a subset K of H. They proved that {x n } converges strongly to a fixed point of T if α n → 0. Very recently, Qin et al. [10] extended the above results to a uniformly convex and uniformly smooth Banach space for a closed quasi-relatively nonexpansive mapping as follows:
where {α n } ⊂ [0, 1], Π K is the generalized projection from E onto a subset K of E, and J is the duality mapping on E. They proved that {x n } converges strongly to a fixed point of T if α n → 0.
The purpose of this paper is to consider a hybrid projection algorithm for modifying the iterative process (1.1) to have strong convergence for a family of Bregman relatively nonexpansive mappings in a real reflexive Banach space.
Preliminaries and lemmas
Let E be a real reflexive Banach space with norm · and E * be the dual space of E equipped with the inducted norm · * . Throughout this paper, f : E → (−∞, +∞] is a proper, lower semi-continuous and convex function and the Fenchel conjugate of f is the function f
We denote by dom f the domain of f , that is, the set x ∈ E : f (x) < +∞ . For any x ∈ int dom f and y ∈ E, the right-hand derivative of f at x is defined by
The function f is said to be Gâteaux differentiable at x if lim t→0 + f (x+ty)−f (x) t exists for any y. In this case, f o (x, y) coincides with ∇f (x), the value of the gradient ∇f of f at x. The function f is said to be Gâteaux differentiable if it is Gâteaux differentiable for any x ∈ int dom f . The function f is said to be uniformly Fréchet differentiable on a subset C of E if the limit is attained uniformly for x ∈ C and y = 1. A function f on E is strongly coercive [14] if 
In the rest of this paper, we always assume that f :
We need the following lemma proved by Reich-Sabach [12] .
Lemma 2.3. [12] If f : E → R is uniformly Fréchet differentiable and bounded on bounded subsets of E, then ∇f is uniformly continuous on bounded subsets
of E from the strong topology of E to the strong topology of E * .
Let f : E → (−∞, +∞] be a convex and Gâteaux differentiable function.
is called the Bregman distance with respect to f [5] .
Recall that the Bregman projection [2] of x ∈ int dom f onto the nonempty closed and convex set C ⊂ dom f is the necessarily unique vector P
A point p ∈ C is called an asymtotic fixed point of T if C contains a sequence {x n } which converges weakly to p such that lim n→∞ x n −T x n = 0. We denote by F (T ) the set of asymptotic fixed points of T . Let f : E → R, a mapping T : C → C is said to be Bregman relatively nonexpansive [8] if F (T ) = ∅,
Let f : E → (−∞, +∞] be a convex and Gâteaux differentiable function. The function f is said to be totally convex at x ∈ int dom f if its modulus of total convexity at x, that is, the function
is positive whenever t > 0. The function f is said to be totally convex when it is totally convex at every point x ∈ int dom f . We know that f is totally convex on bounded sets if and only if f is uniformly convex on bounded sets (see [4] , Theorem 2.10).
Let C be a nonempty, closed and convex subset of E. Let f : E → R be a Gâteaux differentiable and totally convex function and let x ∈ E. It is known from [4] that z = P f C (x) if and only if ∇f (x)−∇f (z), y −z ≤ 0 for all y ∈ C. We also have
A function f is said to be sequentially consistent [4] if, for any two sequences {x n } and {y n } in E such that the first is bounded,
We also need the following crucial lemmas. Let f : E → R be a convex, Legendre and Gâteaux differentiable function. Following in [5] , we make use of the mapping
Then V f is nonnegative and convex in the second variable, and
for all x ∈ E and x * ∈ E * (see [7] , Lemma 3.2). Thus, for all z ∈ E,
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Theorem 3.1. Let C be a nonempty, closed and convex subset of a real reflexive Banach space E and f : E → R a strongly coercive Legendre function which is bounded, uniformly Fréchet differentiable and totally convex on bounded subsets of E. Let
{T i } N i=1 : C → C be a
family of Bregman relatively nonexpansive mappings such that
Define the sequence {x n } as follows: Proof. First, we show that {x n } is well-defined for all n ≥ 1. By Lemma 2.5, we know that F (T ) is closed and convex. It is easily seen that C n is closed for each n ≥ 1. Next, we show that C n is convex for all n ≥ 1. For any z ∈ E and n ≥ 1, we see that
Hence C n is convex for all n ≥ 1.
Next, we show that F ⊂ C n for all n ≥ 1. F ⊂ C 1 = C is obvious. Suppose that F ⊂ C k for some k ≥ 1. Then, for any p ∈ F , we see that
This shows that F ⊂ C k+1 . Hence F ⊂ C n and {x n } is well-defined for all n ≥ 1. Next, we show that {x n } is bounded. Since
By (2.1), it follows that
Since f is totally convex on bounded subsets of E, f is sequentially consistent (see [4] , Lemma 2.1.2). It follows that lim n→∞ x m − x n = 0. Thus {x n } is Cauchy in C and
Next, we show that x n → q ∈ F . Since f is bounded and uniformly Fréchet differentiable on bounded subsets of E, by Lemma 2.3, we have
Since x n+1 ∈ C n , we have
Since f is bounded on bounded sets, ∇f is also bounded on bounded sets (see [3] , Proposition 1.1.11). Noting α n → 0 and f is sequentially consistent, we obtain
and hence
From (3.2) and (3.3), we have
We observe, since α n → 0, that
From (3.4) and (3.5) we have
Since f is strongly coercive and uniformly convex on bounded subsets of E, f * is uniformly Fréchet differentiable on bounded sets (see [14] , Proposition 3.6.2). Moreover, f * is bounded on bounded sets (see [14] , Lemma 3.6. 
On the other hand, we see that
for all l ∈ {1, 2, ..., N}. Since T l is uniformly continuous, it follows from (3.6) that
Using definition of Bregman projection P f F and the fact that F ⊂ C n for all n ≥ 1, one can show that q = P f F (x 1 ). Hence {x n } converges strongly to P f F (x 1 ). This completes the proof.
If T n = T for all n ≥ 1 in Theorem 3.1, then the uniform continuity of T can be removed. So we obtain the following result. 
